Cometary activity in main-belt asteroids probes the ice content of these objects and provides clues to the history of volatiles in the inner solar system. We search the Palomar Transient Factory (PTF) survey to derive upper limits on the population size of active main-belt comets (MBCs). From data collected March 2009 through July 2012, we extracted ∼2 million observations of ∼220 thousand known main-belt objects (40% of the known population, down to ∼1-km diameter) and discovered 626 new objects in multi-night linked detections. We formally quantify the "extendedness" of a small-body observation, account for systematic variation in this metric (e.g., due to on-sky motion) and evaluate this method's robustness in identifying cometary activity using observations of 115 comets, including two known candidate MBCs and six newly-discovered non-main-belt comets (two of which were originally designated as asteroids by other surveys). We demonstrate a 66% detection efficiency with respect to the extendedness distribution of the 115 sampled comets, and a 100% detection efficiency with respect to extendedness levels greater than or equal to those we observed in the known candidate MBCs P/2010 R2 (La Sagra) and P/2006 VW 139 . Using a log-constant prior, we infer 95% confidence upper limits of 33 and 22 active MBCs (per million main-belt asteroids down to ∼1-km diameter), for detection efficiencies of 66% and 100%, respectively. In a follow-up to this morphological search, we will perform a photometric (disk-integrated brightening) search for MBCs.
2011), such models explore the possibility of late-stage (post-lunar formation) accretion of Earth's and/or Mars' water from main-belt objects. Some dynamical simulations (Levison et al. 2009; Walsh et al. 2011) suggest that emplacement of outer solar system bodies into the main asteroid belt may have occurred; these hypotheses can also be tested for consistency with a better-characterized MBC population.
For at least the past two decades (e.g., Luu and Jewitt 1992) , visible band CCD photometry has been regarded as a viable means of searching for subtle cometary activity in asteroidsspectroscopy being an often-proposed alternative. However, existing visible spectra of MBCs are essentially indistinguishable from those of neighboring asteroids. Even with lengthy integration times, active MBC spectra in the UV and visible lack the bright 388-nm cyanogen (CN) emission line seen in conventional comets (Licandro et al. 2011) . Near-infrared MBC spectra are compatible with water ice-bearing mixtures of carbon, silicates and tholins but also suffer very low signal-to-noise (Rousselot et al. 2011) . The larger asteroids Themis (the likely parent body of several MBCs) and Cybele show a 3-µm absorption feature compatible with frostcovered grains, but the mineral goethite could also produce this feature (Jewitt and Guilbert-Lepoutre 2012 and refs. therein) . The Herschel Space Observatory targeted one MBC in search of farinfrared H2O-line emission, yet only derived an upper limit for gas production (De Val-Borro et al. 2012) . In general, the low albedo ) and small diameter of MBCs (∼km-scale), along with their low activity relative to conventional comets, makes them unfit for spectroscopic discovery and follow-up. Imaging of their sunlight-reflecting dust and time-monitoring of diskintegrated flux, however, are formidable alternatives which motivate the present study.
There are seven currently known candidate MBCs (Table 1 ) out of ∼560,000 known main-belt asteroids. These seven are regarded as candidates rather than true MBCs because they all lack direct evidence of constituent volatile species, although two (133P and 238P) have shown recurrent activity at successive perihelia. Three other active main-belt objects-P/2010 A2 (LINEAR), 596 Scheila, and P/2012 F5 (Gibbs)-likely resulted from dry collisional events and are thus not considered to be candidate MBCs. Four of the seven MBCs were discovered serendipitously by individuals or untargeted surveys. The other three were found systematically: the first in the Hawaii Trails Project (Hsieh 2009) , in which targeted observations of ∼600 asteroids were visually inspected , and the latter two during the Pan-STARRS 1 (PS1; Kaiser et al. 2002) survey, by an automated point-spread function analysis subroutine in the PS1 moving-object pipeline (Hsieh et al. 2012b ). Three of the seven candidate MBCs were originally designated as asteroids, including two of the three systematically discovered ones, which were labeled as asteroids for more than five years following their respective discoveries by the automated NEO surveys LINEAR (Stokes et al. 2000) and Spacewatch (Gehrels and Binzel 1984; McMillan 2000) .
Prior to this work, two additional untargeted MBC searches have been published. Wiegert (2009, 2010) checked 25,240 moving objects occurring in the Canada-France-Hawaii Telescope Legacy Survey (Jones et al. 2006 ) using automated PSF comparison against nearby field stars and visual inspection. Their sample, consisting of both known and newly-discovered objects extending down to a limiting diameter of ∼1-km, revealed cometary activity on one new object, whose orbit is likely that of a Jupiterfamily comet. Sonnett et al. (2011) analyzed 924 asteroids (a mix of known and new, down to ∼0.5-km diameter) observed in the Thousand Asteroid Light Curve Survey (Masiero et al. 2009 ). They fit stacked observations to model comae and employed a tail-detection algorithm. While their sample did not reveal any new MBCs, they introduced a solid statistical framework for interpreting MBC searches of this kind, including the proper Bayesian treatment of a null-result.
In this work, we first describe the process of extracting observations of known and new solar system small bodies in the PTF survey. We next establish a metric for "extendedness" and a means of correcting for systematic (non-cometary) variation in this metric. We then apply this metric to a screening process wherein individual observations are inspected by eye for cometary appearance. Finally, we apply our results to upper limit estimates of the population size of active main-belt comets.
RAW TRANSIENT DATA

Survey overview
The Palomar Transient Factory (PTF) 2 is a synoptic survey designed to explore the transient and variable sky (Law et al. 2009; Rau et al. 2009 ). The PTF camera, mounted on Palomar Observatory's 1.2-m f /2.44 Oschin Schmidt Telescope, uses 11 CCDs (4096 × 2048 each) to observe 7.26 deg 2 of the sky at a time with a resolution of 1.01 /pixel. Most exposures use either a Mould-R or Gunn-g filter and are 60-s (a small fraction of exposures also comprise an Hα-band survey of the sky). Science operations began in March 2009, with a nominal 2-to 5-day cadence for supernova discovery and typically twice-per-night imaging of fields. Median seeing is 2 with a limiting apparent magnitude R ∼ 20.5 (5σ), while near-zenith pointings under dark conditions routinely achieve R ∼ 21.0 (Law et al. 2010) .
PTF pointings ( Figure 1 ) and cadences are not deliberately selected for solar system science. In fact, PTF's routine sampling of high ecliptic latitudes (to avoid the sometimes bright Moon) alleviates small-body sampling bias with respect to orbital inclination (see Section 3.3).
We use data that have been reduced by the PTF photometric pipeline (Grillmair et al. 2010; Laher al. in prep) hosted at the Infrared Processing and Analysis Center (IPAC) at Caltech. For each image, the pipeline performs debiasing, flat-fielding, astrometric calibration, generation of mask images, and creation of a catalog of point sources using the astrometric reduction software SExtractor (Bertin and Arnouts 1996) . Code-face parameters such as MAGERR AUTO in this work refer to SExtractor output quantities. Absolute photometric calibration is described in Ofek et al. (2012a Ofek et al. ( , 2012b and routinely achieves precision of ∼0.02 mag under photometric conditions. In this work, we use relative (lightcurve-calibrated) photometry (Levitan et al. in prep; for algorithm details see Levitan et al. 2011) , which has systematic errors of 6-8 mmag in the bright (non-Poisson-noise-dominated) regime. Image-level (header) data used in this study were archived and retrieved using an implementation of the Large Survey Database software (LSD, Jurić 2011), whereas detection-level data were retrieved from the PTF photometric database.
Candidate-observation quality filtering
Prior to ingestion into the photometric database, individual sources are matched against a PTF reference image (a deep co-add consisting of at least ∼20 exposures, reaching 21.7 mag). Any detection not within 1.5 of a reference object is classified in the database as a transient. The ensemble of transients forms a raw sample from which we seek to extract asteroid (and potential MBC) observations. As of 2012-Jul-31 there exist ∼30 thousand deep reference images (unique filter-field-chip combinations) against which ∼1.6 million individual epoch images have been matched, producing a total of ∼700 million transients. Of these, we discard transients which satisfy any of the following constraints:
• within 4 of a reference object • outside the convex footprint of the reference image • from an image with astrometric fit error > 1 relative to the 2MASS survey (Skrutskie et al. 2006) or systematic relative photometric error > 0.1 mag
• within 6.5 arcmin of a V < 7 Tycho-2 star (Høg et al. 2000) , the approximate halo radius of very bright stars in PTF
• within 2 arcmin of either a 7 < V < 10 Tycho-2 star or a 7 < R < 10 PTF reference source, a lower-order halo radius seen in fainter stars
• within 1 arcmin of a 10 < R < 13 PTF reference source; most stars in this magnitude range do not have halos but do have saturation and blooming artifacts
• within 30 pixel-columns of a V < 10 Tycho-2 star on the same image (targets blooming columns)
• within 30 pixels of the CCD edge • flagged by the IPAC pipeline as either an aircraft/satellite track, high dark current pixel, noisy/hot pixel, saturated pixel, dead/bad pixel, ghost image, dirt on the optics, CCD-bleed or bright star halo (although the above-described bright star masks are more aggressive than these last two flags)
• flagged by SExtractor as being either photometrically unreliable due to a nearby source, originally blended with another source, saturated, truncated or processed during a memory overflow
• overconcentrated in flux relative to normal-PSF (stellar) objects on the image (i.e. single-pixel radiation hit candidates)-true if the source's MU MAX − MAG AUTO value minus the image's median stellar MU MAX − MAG AUTO value is less than −1 (this criterion is further explained in Section 5) Application of the above filtering criteria reduces the number of transients (moving-object candidates) from ∼700 million to ∼60 million detections. While greatly reduced, this sample size is still too large to search (via the methods outlined in the following sections) given available computing resources-hence we seek to further refine it. These non-small-body detections are likely to include random noise, difficult-to-flag ghost features (Yang et al. 2002) , less-concentrated radiation hits, bright star and galaxy features missed by the masking process, clouds from non-photometric nights, and real astrophysical transients (e.g., supernova).
We find that about two-thirds of the transients in this sample occur in the densest ∼10% of the images (i.e. images with more than ∼50 transients). These densest ∼10% of images represent over 50% of all images on the galactic equator (|b| < 20
• ), but only 7% of all images on the ecliptic (|β| < 20
• ). Hence, discarding them from our sample should not have a significant effect on the number of small-body observations we extract. Discarding these dense images reduces our sample of transients to ∼20 million.
Sample quality assessment
Figure 2 details the distribution of transients (candidates) per image as a function of ecliptic latitude, after applying the above filters and discarding the dense images. The galactic signal (not shown) is still present: off-ecliptic low galactic latitude fields have a mean of ∼40 transients; this number drops roughly linearly with galactic latitude, implying significant residual contribution from ghosts and other missed dense-field artifacts. However, off the galactic equator a factor-of-two increase in the mean number of detections per Figure 2 . Transients per image (after filtering and discarding the densest 10% of images) versus ecliptic latitude, off the galactic equator and nearopposition longitude. Vertical gray lines are the scatter (standard deviation) and the black line traces the mean number of detections. Due to the large number of images, the standard error of the mean for each bin is very small (comparable to the width of the black line). The inferred ratio of false positive detections (image artifacts) to real small-body detections at low ecliptic latitudes is at least of order unity.
image is seen from |β| = 50
• toward the ecliptic, indicating a clear detection of the solar system's main belt.
KNOWN-OBJECT EXTRACTION
Having defined our sample of candidate observations, we now seek to match it to objects with known orbits. We first index the candidate observations into a three-dimensional kd-tree, then match this tree against ephemeris data (predicted positions) for all objects. The reader who wishes to skip over the details of the matching algorithm should now go to Section 3.3.
Implementation of kd-tree indexing
A kd-tree (short for k-dimensional tree) is a data structure which facilitates efficient cross-matching of M query points against N data points via a multi-dimensional binary search. Whereas a brute force cross-matching involves of order M N computations, a kd-tree reduces this to order M log N . Kubica et al. (2007) gives an introduction to kd-trees (including some terminology we use below) and details their increasingly common application in the moving-object processing subsystem (MOPS) of modern sky surveys.
Our kd-tree has the following features. Since the detections are three dimensional points (two sky coordinates plus one time), the tree's nodes are box volumes, each of which is stored in memory as six double precision numbers. Before any leaf nodes (single datum nodes) are reached, the n th level of the tree consists of 2 n−1 nodes, hence each level of the tree is stored in an array of size 2 n−1 × 6 or smaller.
After definition via median splitting, the bounds of each node are set to those of the smallest volume enclosing all of its data. The splitting of nodes is a parallelized component of the treeconstruction algorithm (which is crucial given their exponential increase in number at each successive level). Because the splittingdimension is cycled continuously, the algorithm will eventually attempt to split data from a single image along the time dimension; when this occurs it simply postpones splitting until the next level (where it is split spatially).
Matching ephemerides against the kd-tree
After constructing the kd-tree of moving-object candidates, we search the tree for known objects. For each of the ∼600 thousand known solar system small bodies we query JPL's online ephemeris generator HORIZONS (Giorgini et al. 1996) to produce a oneday spaced ephemeris over the 41-month time span of our detections -Mar-01 to 2012 . We then search this ephemeris against the kd-tree of candidate detections. In particular, the 1,250 points (days) comprising the ephemeris are themselves organized into a separate (and much smaller) kd-tree-like structure, whose nodes are instead defined by splits exclusively in the time dimension and whose leaf nodes always consist of two ephemeris points spaced one day apart.
The ephemeris tree is "pruned" as it is grown, meaning that at each successive level all ephemeris nodes not intersecting at least one PTF tree node (at the same tree level) are discarded from the tree. Crossing of the R.A. = 0
• discontinuity is dealt with by detecting nodes that span nearly 360
• in R.A. at sufficiently high tree levels. To account for positional uncertainty in the ephemeris, each ephemeris node is given an 8 buffer in the spatial dimensions, increasing its volume slightly and ensuring that the ephemeris points themselves never lie exactly on any of the node vertices.
Once the ephemeris tree is grown to only leaf nodes (which are necessarily overlapping some PTF transients), HORIZONS is requeried for the small body's position at all unique transient epochs found in each remaining one-day node. Since each leaf node's angular footprint on the sky is of order the square of the object's daily motion (∼10 arcmin 2 for main-belt objects-much less than the size of a PTF image), the number of unique epochs is usually small, on the order of a few to tens. The PTF-epoch-specific ephemerides are then compared directly with the handful of candidate detections in the node, and matches within 4 are saved as confirmed smallbody detections. In addition to the astrometric and photometric data from the PTF pipeline, orbital geometry data from HORIZONS are saved.
Given the candidate sample of ∼20 million transients, for each known object the search takes ∼4 seconds (including the HORI-ZONS queries, the kd-tree search and saving of confirmed detections). Hence, PTF observations of the ∼600 thousand known small bodies (main-belt objects, near-Earth objects, trans-Neptunian objects, comets, etc.) require ∼4 days to harvest on an 8-core machine. This relatively quick run time is crucial given that both the list of PTF transients and the list of known small bodies are updated regularly, necessitating periodic re-harvesting.
Summary of known small-bodies detected
We used the known small bodies list current as of 2012-Aug-10, consisting of 333,841 numbered objects, 245,696 unnumbered objects, and 3157 comets (including lettered fragments and counting only the most recent-epoch orbital solution for each comet). Our search found 2,013,279 observations of 221,402 known main-belt objects in PTF (∼40% of all known). Table 2 details the coverage into various other orbital subpopulations.
Two active known candidate main-belt comets appeared in the sample: P/2010 R2 (La Sagra) was detected 34 times in 21 nights between 2010-Jul-06 and 2010-Oct-29, and P/2006 VW139 was detected 5 times in 3 nights-2011-Sep-27, 2011-Oct-02 and 2011-Dec-21 (see Figure 13 in Section 6). In addition to these MBCs, there were 108 known Jupiter-family comets and 65 long-period comets in this sample (see Table 3 ). The shaded gray histograms show the distributions of known objects (normalized such that largest bin equals unity), while the red lines show the fraction of objects in each bin included in the PTF dataset. The osculating orbital elements are from the JPL Small-Body Database, (http://ssd.jpl.nasa.gov), the absolute magnitudes from the Minor Planet Center (http://www.minorplanetcenter.net), the visible albedos from fits to the WISE cryogenic data , and the Sloan colors from the SDSSMOC 4th release (Parker et al. 2008) In terms of coverage, 54% of the objects are observed five times or fewer, and 53% of the objects are observed on three nights or fewer. Observation-specific statistics on this data set, such as apparent magnitudes, on-sky motions, etc., appear later in Section 5 (see the histograms in Figure 9 ). Lastly, a summary of orbitalcoverage statistics appears in Figure 15 (Section 7).
The orbital distribution of the PTF sample is shown in the top row of Figure 3 . The fraction of known objects sampled appears very nearly constant at 40% across the full main-belt ranges of the orbital elements a, e and i. With respect to absolute magnitude (referenced for all objects from the Minor Planet Center), the PTF sampling fraction of 40% applies to the H ∼ 17 mag bin, corresponding to 1-km diameter objects for a typical albedo of ∼10%.
As shown in Figure 4 , the distribution of astrometric residuals with respect to the ephemeris prediction is sharply concentrated well within the matching threshold of 4 . Were this data set significantly contaminated by randomly distributed false-positives, then their number would increase with matching distance (i.e., with annular area per unit matching radius), which evidently is not the case. Table 5 for a more detailed breakdown by comet dynamical type. † The count of 175 comets given here differs from the count of 115 given in the abstract, for various reasons described in Section 5.4 and Table 5 .
Overlap of PTF with the WISE and SDSS data sets
During its full-cryogenic mission in 2010, the Wide-field Infrared Survey Explorer (WISE; Wright et al. 2010; Masiero et al. 2011 Masiero et al. , 2012 Mainzer et al. 2012) , observed 94,653 asteroids whose model-derived visible albedos (pV ) have errors of less than 0.05, and nearly half (45,321) of these were also observed by PTF. Relative to this known-albedo sample, PTF detected 47% of the dark (pV < 0.1) and ∼69% of the bright (pV > 0.1) asteroids ( Figure  3 , middle bottom).
Of the asteroids that were observed by the Sloan Digital Sky Survey (SDSS; York et al. 2000) during its 1998-2009 imaging phase, 142,774 known objects have g, r and i photometry with errors of less than 0.2 mag in all three bands, and more than half (72,556) of these objects were also observed by PTF. These data come from the SDSS Moving Object Catalog 4th release (Parker et al. 2008) , which includes data through March 2007, supplemented with more recent SDSS moving object data from . The principal component color a * = 0.89(g − r) + 0.45(r − i) − 0.57 is useful for broad (C-type vs. S-type) taxonomic classification (Ivezić et al. 2002; Parker et al. 2008) . Relative to this known-color sample, PTF detected 49% of the carbonaceous-colored (a * < 0) and 52% of the stony-colored (a * > 0) asteroids ( Figure 3 , bottom right). Of the 27,326 objects that were observed by both WISE and SDSS (satisfying the measurement error constraints mentioned above), 16,955 (62%) of these were also observed by PTF. A total of 624 of these WISE+SDSS objects were observed at least 10 times on at least one night in PTF, whence rotation curves can be estimated, while 625 of these WISE+SDSS objects have PTF observations in five or more phase-angle bins of width 3
• , including opposition (0
• -3 • ), whence phase functions can be estimated.
UNKNOWN-OBJECT EXTRACTION
Exclusion of the ∼2 million known-object detections leaves ∼18 million transients remaining in our list of moving-object candidates. Figure 5 shows that the ecliptic distribution of transients per image has flattened out substantially. However, ignoring the scatter, the mean number of transients in the leftmost (lowest ecliptic latitude) bin remains the highest by more than two detections per image, suggesting the presence of significant unknown (i.e., undiscovered) small bodies in the data.
Previous and ongoing PTF small-body discovery work
In Polishook et al. (2012) , a pilot study of rotation curve analysis and new-object discovery was undertaken using a few nights of ∼20 deg 2 high cadence (∼20-minute-spaced) PTF data obtained in February 2010 at low ecliptic latitude (|β| < 2.5
• ). Using an original moving-object detection algorithm, they extracted 684 asteroids; of those which received provisional designations, three still qualify as PTF discoveries as of March 2013 CU247, 2010 CL249 and 2010 . Though highly efficient on high cadence data, their tracklet-finding algorithm's limitations (e.g., single-night, single-CCD) renders it inapplicable to the vast majority of regular-(hour-to-days-) cadence PTF data.
A popular solution to this problem was already mentioned in Section 3, namely the use of kd-trees. A recently successful such kd-tree-based, detection-couplet-matching MOPS was used on the WISE data (Dailey et al. 2010 ). The WISE MOPS successfully extracted ∼2 million observations of ∼158,000 moving objects from the WISE data, including ∼34,000 new objects. A modified version of the WISE MOPS is under development for PTF at IPAC. As with the WISE MOPS, a key intent is the discovery of near-Earth objects, hence the PTF MOPS will need to accommodate relatively fast apparent motions (at least an order of magnitude faster than main-belt speeds). This poses considerable challenges, because PTF's cadences and false-positive detection rates are less accommodating than those of the space-based WISE survey. Though far from complete, the prototype PTF MOPS has successfully demonstrated that it can find tracklets spanning multiple nights and multiple fields of view, including at least two near-Earth objects, one of which was unknown (J. Bauer, personal communication).
As the PTF MOPS is still in development, for the purposes of this work we implement an original moving-object detection algorithm and run it on our residual ∼18 million-transient sample. The reader who wishes to skip over the details of the discovery algorithm should now go to Section 4.3.
A custom discovery algorithm for main-belt objects
Because our intention is solely to supplement the main-belt comet search, we restrict apparent motions to those typical of main-belt objects (thereby easing the computational burden, but excluding faster NEOs and slower TNOs). This on-sky motion range is taken to be between 0.1 and 1.0 arcsec/minute.
Analysis of the known-object sample ( Figure 6 ) shows that about half of all consecutive-observation pairs occur over a less than 12-hour (same night) interval, with a sharp peak at the one-hour spacing. Of the remaining (multi-night) consecutiveobservation pairs, roughly half span less than 48 hours. Given these statistics, we prescribe 2 days as our maximum allowable timespan (between first and last observation) for a minimum three-point tracklet. As will be explained, multiple primary tracklets can be merged to produce a secondary tracklet greater than 2 days in total Figure 6 . Time interval between consecutive observations of known objects in PTF. This distribution justifies the 48-hour upper limit we impose for tracklet finding, which also was chosen for computational expediency.
length, but the interval between any two consecutive points in the secondary tracklet still will not exceed 2 days. An imposed minimum time of 10 minutes between consecutive tracklet points ensures that the object has moved at least one arcsecond (for the minimum allowed speed), such that stationary transients (e.g., hostlesssupernovae) are excluded.
Having specified time and velocity limits, the problem reduces to searching a double-cone-shaped volume, in three-dimensional time-plus-sky space surrounding each transient, to find sufficiently collinear past and future points. We modified our kd-tree implementation from Section 3 for this purpose. In particular, because PTF data were not collected on every consecutive night of the 41-months (due to weather, scheduling, etc.), the two-day upper limit we impose makes node-splitting along two-day (minimum) gaps in the data more natural and practical than simply splitting at median times, as was done in Section 3.1 and as is done generally for kd-trees.
An illustration of the tracklet-finding scheme (simplified to one spatial dimension) appears in Figure 7 . For each transient, the kd-tree is used to rapidly find all other transients within its surrounding double-cone. Then, for every candidate past-plus-future pair of points, the two components of velocity and the distance residual of the middle transient from the candidate pair's predicted location (at the middle transient's epoch) are computed. Candidate past-plus-future pairs are then automatically discarded on the basis of the middle transient's distance residual with respect to them. To accommodate a limited amount of constant curvature, we use an adaptive criterion that is least stringent when the middle transient lies exactly at the midpoint between the past and future points, and becomes linearly more stringent as the middle transient nears one endpoint (approaching zero-tolerance at an endpoint). For candidate pairs spanning a single night or less, the maximum allowed middle-point residual is 1 , while multi-night candidate pairs are allowed up to a 10 offset at the midpoint.
All remaining candidate past-plus-future pairs are then binned in two dimensions based on their two velocity components (R.A. and Dec. rates). Since the maximum allowed speed is 1 arcsec/minute, bins of 0.05 arcsec/minute between ±1 arcsec/minute are used. If any single bin contains more candidate pairs than any other bin, all transients in all pairs in that bin, plus the middle transient, are automatically assigned a unique tracklet label. If more than one bin has the maximal number of pairs, the pair with the Figure 7 . Schematic of our tracklet-finding algorithm, with only one spatial dimension (rather than the actual two) for clarity. Given all transients (gray dots), a kd-tree search rapidly finds those that are nearby in spacetime (within the blue dashed box, of 48-hour full-width) to the central, target transient (green dot). Minimal-and maximal-velocity bounds then define a subset of these (all dots lying in the gray shaded regions, in this case four). All possible past + future pairs are considered (in this case, four possible pairs). Pairs whose predicted midpoint position is sufficiently far from the target transient are immediately rejected (red dashed lines). Pairs with a sufficiently small residual (green dashed lines) then are binned in velocity space, and the velocity bin containing the most pairs is chosen. In this example, however, both non-empty velocity bins have only one pair, in which case the pair with the smallest midpoint residual is chosen. smallest midpoint residual is used. If any of these transients already has a tracklet label, all the others are instead assigned that existing label.
Following this stage in the new-object discovery process, all tracklets found are screened rapidly by eye to eliminate false positives. The remaining tracklets are assigned a preliminary orbital solution using the orbit-fitting software Find Orb 3 in batch mode. All orbital solutions are then used to re-search the transient data set for missed observations which could further refine the object's orbit. Because linear position extrapolation is replaced at this point by full orbital-solution-based ephemerides, the merging of tracklets across gaps in time longer than 48 hours is attempted in this last step.
Summary of objects discovered
We found 626 new objects which had a sufficient number of observations (at least two per night on at least two nights) to merit submission to the Minor Planet Center (MPC), whereupon they were assigned provisional designations. Four new comets were among the objects found by this moving-object search: 2009 KF37, 2010 LN135, 2012 KA51, and C/2012 LP26 (see Table 4 in Section 6 for details). The first is a Jupiter-family comet and the latter three are long-period comets. As of March 2013, the first three still bear provisional asteroidal designations assigned by the MPC's automated procedures; the fourth, C/2012 LP26 (Palomar), was given its official cometary designation after follow-up observations were made in Februrary 2013 (Waszczak et al. 2013 ). The cometary nature of Figure 8 . Of 622 asteroids discovered in multi-night PTF data through July 2012, the MPC has provided orbital solutions for 470 of these. Assuming typical albedos, the smallest (H ∼ 19.5) objects correspond to ∼0.5-km diameters, while the H ∼ 13 Trojans correspond to ∼10-km diameters.
these objects was initially noted on the basis of their orbital elements; an independent confirmation on the basis their measured extendedness appears in Section 6.
EXTENDED-OBJECT ANALYSIS: APPROACH
Definition of the extendedness parameter µ
To quantify the extendedness of a given small-body observation, we use the ratio of the object's total flux, within a flexible elliptical aperture (Kron 1980) , to its maximum surface flux (i.e., the flux of the brightest pixel). Specifically, in terms of SExtractor output quantities, for each detection we define the quantity µ as MU MAX − MAG AUTO minus the median value of MU MAX − MAG AUTO for bright unsaturated stars on the image (note that the ratio of fluxes is equivalently the difference in magnitudes).
Unlike full-width at half maximum (FWHM), which is based on a one-dimensional symmetric (e.g., Gaussian) PSF model, µ is versatile as a metric in that it does not involve any assumption of symmetry (radial or otherwise). Note that in Section 2 we defined and excluded radiation hit candidates as those detections having µ < −1. A negative µ means the object is more concentrated than bright stars on the image, while a positive µ means it is more extended. The error in µ, denoted σµ, is obtained by adding in quadrature the instrumental magnitude error MAGERR AUTO and the 16th-to-84th percentile spread in MU MAX − MAG AUTO for the bright stars.
Systematic (non-cometary) variation in µ
The µ of a given small-body detection varies systematically with several known quantities, meaning that "extended" as defined by µ is not synonymous with "cometary".
Firstly, we must consider the apparent magnitude, since detections near the survey's limiting magnitude have a known bias (Ofek et al. 2012a) in their instrumental magnitude (MAG AUTO), which by definition affects the value of µ. Ofek et al. (2012a) note that use of the aperture magnitude MAG APER rather than the adaptive Kron magnitude MAG AUTO removes this bias, but unfortunately photometric zeropoints only exist presently for the latter in the PTF photometric database.
Secondly, the object's apparent motion on the sky during the 60-second exposure time must be considered, as such motion causes streaking to occur, which alters the flux distribution and hence also µ. It turns out that in > 99% of all observations in our sample (mostly main-belt objects), the on-sky motion is smaller than 1 /minute. Given PTF's 1 /pixel resolution, one might expect that the vast majority of objects are not drastically affected by streaking. Nevertheless, µ varies systematically with motion, as it does for apparent magnitude (see Section 5.4).
Thirdly, the photometric quality of an observation's host image, i.e., the seeing (median FWHM) and sky brightness, must be taken into account, since the median and spread of MU MAX − MAG AUTO for bright stars on the image, and hence also µ, are influenced by such conditions.
A final measurable property affecting µ is the distance between the object's flux barycenter and the center of its brightest pixel. In terms of SExtractor quantities, this is computed as (
In particular, if the barycenter lies near to the pixel edge (∼0.5 from the pixel center), the majority of the flux will be nearly equally shared between two adjacent pixels. If it is near the pixel corner (∼0.7 from the center), the flux will be distributed into four pixels (assuming a reasonably symmetric PSF and nonPoisson-noise-dominated signal). An object's position relative to the pixel grid is random, but the resulting spread in barycenter position does cause systematic variation in µ.
We can reasonably assume that some of these variations may be correlated. Jedicke et al. (2002) discusses systematic observable correlations of this kind, in the separate problem of debiasing skysurvey small-body data sets. Jedicke et al. also introduces a general formalism for representing survey detection systematics, which we now adapt in part to the specific problem of using µ to identify cometary activity.
Formalism for interpreting µ
Let the state vector x contain all orbital (e.g., semi-major axis, eccentricity) and physical (e.g., diameter, albedo) information about an asteroid. Given this x there exists a vector of observed quantities o = o( x). Most of these observed quantities are a function of the large number of parameters defining the sky survey (pointings, exposure time, optics, observatory site, data reduction, etc.). Included in o are the apparent magnitudes, on-sky motion, host-image seeing and sky brightness, barycenter-to-max-pixel distance, and also counts of how many total detections and how many unique nights the object is observed. In the above paragraphs we argued qualitatively that µ = µ( o). Now suppose that x → x + δ x, where addition of the perturbing vector δ x is equivalent to the asteroid exhibiting a cometary feature. For instance, δ x could contain information on a mass-loss rate or the physical (3-dimensional) scale of a coma or tail. The resulting change in the observables is
The observation-perturbing vector δ o could contribute to increased apparent magnitudes while leaving other observables such as sky position and apparent motion unchanged. To "model" the effect of cometary activity δ x on the observables, e.g., as in Sonnett et al. (2011) , is equivalent to finding (or inverting) the Jacobian d o/d x, though this is unnecessary for the present analysis. The resulting change in the scalar quantity µ is
Now suppose that some component of δ o is (linearly) independent of o, i.e., there exists some unit vectorî such thatî · δ o = δoi > 0 whileî · o = 0. Another way of stating this is that there exists some observable oi (the i th component of o), the value of which unambiguously discriminates whether the object is cometary or inert. An example would be the object's angular size on the sky. This need not be a known quantity; e.g., in the case of angular size one would need to employ careful PSF deconvolution to accurately measure it. The details of oi do not matter, more important is its ability to affect µ, as described below.
Given the existence of this discriminating observable oi, we can write
where the first term on the right side, δµsys , represents systematic change in µ due to variation in known observables such as apparent magnitude and motion, and the second term represents a uniquely cometary contribution to µ. We assume that δµ/δoi = 0 in order for this reasoning to apply.
From our large sample of small-body observations, we are able to compare two objects, o and o , that have the same apparent magnitude, motion, seeing, etc. The computed δµ = µ( o) − µ( o ) in such a case must have δµsys = 0, meaning a result of δµ = 0 would imply one of the objects is cometary. We can then use prior knowledge, e.g., that o is an inert object, to conclude o is a cometary observation.
A model-µ to describe inert objects
We build upon this formalism by employing prior knowledge of the apparent scarcity of main-belt comets. That is, we hypothesize that the vast majority of known objects in our sample are in fact inert, or mapped to an equivalently inert set of observations o when subjected to the survey mapping x → o( x). This allows us to construct a gridded model of µ for inert objects, denoted µj.
We first bin the data in a five-dimensional o-space and then compute the error-weighted mean of µ in each bin. The j th bin in this o-space is defined as the five-dimensional box having corners oj and oj + ∆ o. The model value µj in this j th bin is found by summing over all observations in that bin:
where the scatter (variance) in the j th bin is
and the individual observation errors σµ are computed as described in Section 5.1. We exclude known comets from all bin computations, even though their effect on the mean would likely be negligible given their small population relative to that of asteroids.
The histograms in Figure 9 show the range of values for the five components of o, each of which is sampled in 10 bins. The fivedimensional o-space considered thus has 10 5 bins. However, given the centrally-concentrated distributions of each observable, only a fraction (∼40%) of these bins actually contain data points. Some bins (∼9%) only include a single data point; these data cannot be corrected using this µj model, but their content represent < 1% of the data. Lastly, ∼7% of the data lie outside one or more of these observable ranges, and hence also cannot be tested using the model. Most of these excluded data are either low quality (seeing > 4 ) or bright objects (> 16.5 mag). Of the 175 previously known comets (see Section 3) plus 4 new (see Section 4) comets we found in PTF, 115 of these (64%, mostly the dimmer ones) lie in these observable ranges and hence can be tested with the model.
Defining a visually-screenable sample
For each of the ∼2 million small-body observations in our data set, we use the inert model µj to define the corrected extendedness as a "µ-excess":
and an uncertainty:
For each of the ∼220,000 unique objects in our data set, we sum over all observations of that object to define
These two quantities, δµ and δµ , are useful for screening for objects which appear cometary in most observations. If an object is observed frequently while inactive but sparsely while active, δµ and δµ are less useful. As noted in Section 3.3, high cadence data are uncommon in our sample, alleviating this problem (see also Figure 15 in Section 7 for commentary on orbital coverage).
To select the sample to be screened by eye for cometary activity, we use the quantity δµ − δµ . In the case of normallydistributed data, the probability that this quantity is positive is 1 − erf(1) ≈ 0.16. As shown in Figure 10 , the fraction of objects with δµ − δµ > 0 is actually 0.007 (1,577 objects), much smaller than the Gaussian-predicted 0.16. This likely results from overestimated (i.e., larger-than-Gaussian) δµ values caused by outliers in the data. However, of the 115 testable comets in our data (111 known plus 4 new-see Table 5 for further explanation), 76 of these (66%) have δµ − δµ > 0. That is, a randomly chosen known comet from our sample is ∼100 times more likely to have δµ − δµ > 0 than a randomly chosen asteroid from our sample, suggesting the criterion δµ − δµ > 0 is a robust indicator of cometary activity.
The fact that only 66% of the 115 comets in our testable sample satisfy δµ − δµ > 0 means that, if one assumes main-belt comets share the same extendedness distribution as all comets, then our detection method is only 66% efficient. Sufficiently weak and or unresolved (very distant) activity inevitably causes the lower and negative values of δµ − δµ .
Given the specific goal to detect main-belt objects that are at least as active as the known candidate MBCs, we consider the value of δµ − δµ for the known candidate MBCs in our sample. P/2010 R2 (La Sagra) has δµ − δµ = 0.474 (from 34 observations made on 21 nights). P/2006 VW139 has δµ − δµ = 0.231 (from 5 observations made on 3 nights). Hence, the δµ − δµ > 0 criterion is more than sufficient (formally, 100% efficient) for detecting extendedness at the level of these known, kilometer-scale candidate MBCs. Note however that we do not claim 100% detection efficiency with respect to objects of similar magnitude as these candidate MBCs; see Figure 11 for a consideration of efficiency as a function of apparent magnitude. Figure 10 . For inclusion in the screening sample, an object's mean extendedness value, δµ, must exceed zero by more than one-sigma, δµ , which in this histogram is true for all objects to the right of zero. The 111 known (and testable) comets plus the 4 new comets (see Section 4.3) are plotted in red; 76 out of these 115 fall to the right of zero, meaning our method is 76/115 = 66% efficient at detecting the known plus new comets comprising our sample. Both of the MBCs in our sample fall to the right of zero, implying that we are 100% efficient at detecting objects at least as extended as these known MBCs.
EXTENDED-OBJECT ANALYSIS: RESULTS
A total of 1,949 observations (those having δµ − σ > 0) of 1,577 known and newly discovered objects satisfying δµ − δµ > 0 were inspected visually to identify either contamination from image artifacts or true cometary features. For each detection this involved viewing a 2 ×2 cutout of the image, with contrast stretched from −0.5σ to +7σ relative to the median pixel value (where σ = √ median). This image was also flashed with the best available image of the same field taken on a different night ("best" meaning dimmest limiting magnitude), to allow for rapid contaminant identification.
With the exception of two objects (described below), virtually all of these observations were clearly contaminated by either a faint or extended nearby background source, CCD artifacts or optical artifacts (including ghosts and smearing effects). In principle these observations should have been removed from the list of transients by the filtering process described in Section 2.2, however some residual contamination was inevitable.
The screening process did however reveal cometary activity on two non-main-belt objects previously labeled as asteroids: 2010 KG43 and 2011 CR42, which had δµ − δµ values of 0.2 and 1.1, respectively (Figure 12 ). Note that taking these two objects into account improves our efficiency slightly to (76 + 2)/(115 + 2) = 67%.
In addition to the two known candidate MBCs (Figure 13 )-which were among the 76 comets already noted to have passed the screening procedure-this process also confirmed the extendedness of three of the four comets discovered in PTF as moving-objects (2009 KF37, 2010 LN135, and 2012 KA51) as described in Section 4. These comets had δµ − δµ values of 0.33, 0.29, and 0.58, respectively. The procedure did not identify the fourth new comet discovery, C/2012 LP26 (Palomar), as an extended object, suggesting that it was unresolved.
A new quasi-Hilda comet: 2011 CR42
The object 2011 CR42, discovered on 2011-Feb-10 by the Catalina Sky Survey (Drake et al. 2009 ), has an uncommon orbit (a = 3.51 AU, e = 0.28 and i = 8.46
• ). Six PTF g -band observations made Figure 11 . Like Figure 10 , but now with each object's median apparent magnitude plotted as well. All small bodies in the sample are represented in the 2D histogram (normalized with respect to each magnitude bin), while the known comets are overplotted as red-white circles, the two MBCs as blue squares. Again, about two-thirds (66%) of the comets lie above zero. This plot suggests that the completeness is expressible as a function of apparent magnitude. That is, C > 66% for bright comets and C < 66% for dim comets (approaching zero for > 21 mag), while on average C = 66%. The exact magnitude dependence is sensitive to bin size and is not explored quantitatively here.
between 2011-Mar-05 and Mar-06 (Waszczak et al. 2011 ) all show a coma-like appearance but no tail. The object was 2.92 AU from the Sun and approaching perihelion (q = 2.53 AU on 2011-Nov-29). Based on its orbit and using IAU phase-function parameters (Bowell et al. 1989 ) H = 13.0 and G = 0.15, 2011 CR42 should have been easily observed at heliocentric distances 3.8 AU and 3.1 AU in 2010-Feb and 2010-Dec PTF data, with predicted magnitudes of 19.2 and 18.8 mag, respectively. Upon inspection of these earlier images, no object was found within 200 of the predicted position. Its absence in these images further suggests cometary activity. Like the MBCs and unlike most Jupiter-family comets, 2011 CR42's Tisserand parameter (Murray and Dermott 1999) with respect to Jupiter (TJup = 3.042) is greater than 3. While the criterion TJup > 3 is often used to discriminate MBCs from other comets, we note that MBCs more precisely have TJup > 3.1. About half of the ∼20 quasi-Hilda comets (QHCs, Toth 2006 and refs. therein) have 3 < TJup < 3.1, as does 2011 CR42. Threebody (Sun + Jupiter) interactions tend to keep TJup approximately constant (this is akin to energy conservation). Such interactions nonetheless can chaotically evolve the orbits of QHCs. Their orbits may settle in the stable 3:2 mean-motion (Hilda) resonance with Jupiter at 4 AU, wander to a high-eccentricity Encke-type orbit, or scatter out to (or in from) the outer Solar System. Main-belt orbits, however, are inaccessible to these comets under these TJupconserving three-body interactions.
To verify this behavior, we used the hybrid symplectic integrator MERCURY (Chambers 1999) to evolve 2011 CR42's orbit forward and backward in time to an extent of 10 4 years. For initial conditions we tested all combinations of 2011 CR42's known orbital elements plus or minus the reported error in each (a total of 3 6 = 729 runs in each direction of time). We did not include non-gravitational (cometary) forces in these integrations, as it was assumed that this object's relatively large perihelion distance would render these forces negligible. In ∼25% of the runs, the object scattered out to (or in from) the outer solar System in less than the 10 4 year duration of the run. In the remainder of the runs, its orbit tended to osculate about the stable 3:2 mean motion Jupiter resonance at 4 AU. These results strongly suggest that 2011 CR42 is associated with the Hilda family of objects belonging to this resonance, and thus likely is a quasi-Hilda comet.
STATISTICAL INTERPRETATION
Bayesian formalism
Following the approach of Sonnett et al. (2011) and borrowing some of their notation, we apply a Bayesian formalism to our survey results to estimate an upper limit for the fraction f of objects Table 5 . Summary of the PTF comet sample. JF = Jupiter-family; LP = long-period; MB = main-belt. "Observed" means found by the search algorithms of Sections 3 or 4; "model-µ tested" means it lies in the observable ranges shown in Figure 9 (e.g., excludes bright comets), and δµ− δµ > 0 means positively detected as extended. Objects 2010 KG 43 and 2011 CR 42 are counted in all rows as PTF-discovered JFCs, even though they were not included in the 76/115 = 66% efficiency calculation of Section 5.5 (since they were not discovered until Section 6). (having D > 1 km) which are active MBCs at the time of observation. The prior probability distribution on f is chosen to be a log-constant function:
This prior is justified since we know f is "small", but not to orderof-magnitude precision. The minimum value fmin > 0 is allowed to be arbitrarily small, since the integral of P (f ) is always unity:
Let N be the number of objects in a given sample, n the number of active MBCs positively detected in that sample, and C the completeness or efficiency of our MBC-detection scheme. In Section 5.5 we discussed how C = 0.66 if defining completeness with respect to the extendedness distribution of the 115 known comets on which we tested our detection method. Relative to objects at least as extended as the two known candidate MBCs we tested, however, we can take C = 1 (100% efficiency), since both of the MBCs observed were robustly flagged by our screening process. The likelihood probability distribution function for a general sample S is formally a binomial distribution, but because the samples we will be considering are very large (N 1), the likelihood function is well-approximated as a Poisson distribution:
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Bayes' Theorem then gives the formula for the posterior probability distribution on f given our results:
The constant of proportionality (not shown) involves incomplete gamma functions 4 , and is well-defined and finite (including in the limit fmin → 0).
Finally, we can compute the 95% confidence upper limit f95 by solving the implicit equation
7.2 Active MBCs in the entire main-belt
We first take the sample S to be representative of all main-belt asteroids, which in our survey amounted to N = 2.2 × 10 5 observed objects and n = 2 detected MBCs. Equation (14) yields 95% confidence upper limits for f of 33 × 10 −6 and 22 × 10 −6 , for efficiency values of C of 0.66 and 1.0, respectively. Figure 14 depicts the probability distributions for each case.
We note that although these results are based on the positive detection of only two candidate MBCs, the reader need not be skeptical on the basis of "small number statistics", since the Possionian posterior (Equation 13 and Figure 14) formally accounts for "small number statistics" through its functional dependence on n. Even if we had detected no MBCs at all-in which case n would be zero (as was the case in Sonnett et al. 2011 )-the posterior would still be well-defined; the 95%-confident upper limit would naturally be larger to reflect the greater uncertainty.
Our discussion has so far only considered the fraction of active MBCs, rather than their total number. This is because an estimate of the total underlying number of main-belt objects (down to D ∼ 1 km) must first be quoted from a properly-debiased survey. A widely-cited example is Jedicke and Metcalfe (1998) , who applied a debiasing analysis to the Spacewatch survey and concluded that there are of order 10 6 main-belt asteroids (down to D ∼ 1 km)
5 . Since the MBC-fraction estimates in the above paragraphs are conveniently given in units of per million main-belt asteroids, we directly estimate the upper limit on the total number of active MBCs in the true underlying D > 1 km population (again to 95% confidence) to be between 33 and 22, depending on the efficiency factor C (0.66 or 1.0).
Active MBCs in the outer main-belt
Of the seven candidate MBCs listed in Table 1 , all except 259P/Garradd have semi-major axes between 3.0 AU and 3.3 AU, corresponding approximately to the 9:4 and 2:1 Jupiter resonances (Kirkwood gaps). This semi-major axis constraint is satisfied by 4 The incomplete gamma function is defined as Figure 14 . Probability distributions for estimating the fraction of main-belt comets, based on the results of our sample screening. The C = 0.66 case reflects our efficiency with respect to the extendedness distribution of all known comets, while the C = 1 case applies to extendedness levels at least as high as the two known candidate MBCs in our sample. In this plot f min was set to 4 × 10 −6 , to facilitate visual comparison of the normalized prior with the normalized posteriors.
123,366 (∼20%) of the known objects as of August 2012, of which 47,450 (38%) are included in the PTF sample.
Reapplying equations (10)- (14) except now using N = 47, 450 (while n = 2 remains unchanged), we find 95%-confidence upper limits of 160 and 110 active MBCs per million outer main-belt asteroids with 3.0 < (a/AU) < 3.3 and D > 1 km, for detection efficiencies of C = 0.66 and C = 1.0, respectively.
Although only ∼20% of the known main-belt asteroids lie in this orbital range, the debiased semi-major axis distribution presented in Jedicke and Metcalfe (1998) predicts that ∼30% of all main-belt objects (of D > 1 km) lie in this outer region. The discrepancy is due to the fact that these objects are more difficult to detect, since they are further away and tend to have lower albedos (this lower detection efficiency is evident for instance in the WISE sample shown in Figure 3 ). Assuming 300,000 objects actually comprise this debiased outer main-belt region, the inferred 95% confidence upper limit on the total number of active MBCs existing in this region is ∼50 (for C = 0.66) and ∼30 (for C = 1.0).
Active MBCs in the low-inclination outer main-belt
Four out of the seven candidate MBCs in Table 1 have orbital inclinations of i < 5
• . Combined with the semi-major-axis constraint 3.0 < (a/AU) < 3.3, this associates them with (or close to) the Themis asteroid family. There are 25,069 objects in the smallbody list we used which satisfy this combined constraint on a and i (∼4% of the known main-belt), of which 8,451 (34%) are included in the PTF sample.
Again reapplying equations (10)- (14), we now use N = 8, 451 and n = 1, where the new value for n reflects the fact that P/2006 VW139 satisfies this i-criterion while P/2010 R2 (La Sagra) does not. We find 95%-confidence upper limits of 540 and 360 active MBCs per million low-inclination, outer main-belt asteroids, for detection efficiencies of C = 0.66 and C = 1.0, respectively.
Once again, Jedicke and Metcalfe (1998) offer estimates of the debiased number of objects in the underlying population of interest: for outer main-belt asteroids, they found that ∼20% of the debiased objects had i < 5
• . Hence, assuming there are 60,000 objects (of D > 1 km) in the actual low-i outer main-belt population satisfying these a and i constraints, the resulting upper limit esti-mates for the total number of active MBCs it contains is ∼30 (for C = 0.66) and ∼20 (for C = 1.0). 7.5 Active MBCs among low-i outer main-belt objects observed near perihelion (−45
Of the 8,451 low-inclination outer main-belt objects observed by PTF (see Section 7.4), 5,202 were observed in the orbital quadrant centered on perihelion (in terms of true orbital anomaly ν, this quadrant is −45 • < ν < 45 • ). We consider this constraint given that all known candidate MBCs (Table 1) have shown activity near perihelion. Now using N = 5, 202 and n = 1 (here again n = 1 represents P/2006 VW139), we find 95%-confidence upper limits of 880 and 570 active MBCs per million low-inclination, outer mainbelt asteroids observed by PTF near perihelion, for detection efficiencies of C = 0.66 and C = 1.0, respectively.
We caution that, unlike the previous subsets (which were defined solely by orbital elements), the population to which these statistics apply is less well-defined. In particular, the bias for detection near perihelion (Figure 15 ), due in part to the (r∆)
−2 dependence in the reflected sunlight, is more pronounced for smaller, lower-albedo, higher eccentricity objects. Hence, naively imposing a constraint on true anomaly ν implictly introduces selection biases in D, pV and e. Moreover, these implicit biases depend on the sensitivity of the PTF survey in a more nuanced manner, invalidating the simple D 1-km lower limit we have quoted generally in this work. Nonetheless, these parameters (D and pV ) are important enough to merit individual treatment, as detailed below.
Active MBCs in the sub-5 km diameter population
Yet another constraint that well-encompasses the known MBC candidates of Table 1 is a diameter D < 5 km (corresponding to approximately H > 15 mag for albedo pV = 0.07). Applying this constraint decreases the number of PTF-sampled objects N by 28%, 45% and 41% for the entire main-belt, outer main-belt, and low-i outer main-belt, respectively. These smaller sample sizes result in slightly higher 95%-confidence upper limits for the fraction of active MBCs: 30-45, 180-280, and 610-920 per 10 6 objects having 5 > (D/km) > 1 in the entire main-belt, outer main-belt, and low-i outer main-belt, respectively (the ranges corresponding to the two values of the efficiency factor C). Jedicke and Metcalfe (1998) found that the debiased differential number distribution as a function of absolute magnitude H is ∼10 αH , where α ≈ 0.35. The resulting cumulative number distribution (i.e., the number of asteroids brighter than absolute magnitude H) is ∼10 αH /α ln(10). Using H = 17 in this expression gives the predicted 10 6 asteroids having D > 1 km. The fraction of these objects in the range 15 < H < 17 is therefore 1 − 10 α(15−17) ≈ 80%. Scaling the debiased populations discussed above by this factor and using the new limits from the preceding paragraph gives new upper limits on the total number of active MBCs existing in the three regions: ∼24-36, ∼40-70, and ∼30-45 in the entire main-belt, outer main-belt, and low-i outer main-belt, respectively. 7.7 Active MBCs among low-albedo (WISE-sampled) objects Bauer et al. (2012) analyzed WISE observations of five of the active-main-belt objects listed in Table 1 . By fitting thermal models to the observations, they found that all of these objects had visible albedos of pV < 0.1. As shown in Figure 3 and described in Section 3.4, about half of the asteroids which were observed by WISE also appear in the PTF sample; in particular there were N = 32, 452 low-albedo (pV < 0.1) objects observed by both surveys. Included in the Bauer et al. (2012) sample was PTF-observed candidate MBC P/2010 R2 (La Sagra), whose fitted albedo of pV = 0.01 ± 0.01 implies we can take n = 1 (one positive active MBC-detection) in the low-albedo WISE/PTF sample. Following the 95% confidence upper limit computation method of the previous sections, we derive upper limits of 90-140 active MBCs per 10 6 low-albedo (pV < 0.1) asteroids. As mentioned earlier, the full-debiasing of the WISE albedo distribution will eventually allow us to convert this upper limit on the fraction of active MBCs among low-albedo asteroids into an upper limit on their total number, just as Jedicke and Metcalfe (1998) has allowed us to do for orbital and size distributions.
Active MBCs among C-type (SDSS-sampled) objects
The MBC candidate P/2006 VW139 was observed serendipitously by SDSS on two nights in September 2000. While one of the nights was not photometric in g-band, the other night provided reliable g, r, i multi-color data on this object, yielding a principal component color a * = −0.14±0.05. Because it has a * < 0, this suggests P/2006 VW139 is a carbonaceous (C-type) object 6 . Figure 3 depicts the overlap of the SDSS-observed sample with PTF, which includes N = 24, 631 C-type (a * < 0) objects. Taking n = 1, we derive 95% confident upper-limits of 120-190 active MBCs per 10 6 C-type asteroids (where again the range corresponds to C = 0.66-1.0).
CONCLUSION
Summary
Using original kd-tree-based software and stringent quality filters, we have harvested observations of ∼40% (∼220,000) of the known solar system small bodies and 626 new objects (622 asteroids and 4 comets) from the first 41 months of PTF survey data (March 2009 through July 2012 . This sample is untargeted with respect to the orbital elements of known small bodies (but not necessarily the true underlying population), down to ∼1-km diameter-sized objects. Most (∼90%) of the objects are observed on less than ∼10 distinct nights, and ∼90% are observed over less than 1/6 of their orbit, allowing us to characterize this sample predominantly as a "snapshot" of objects in select regions of their orbits.
We have introduced a metric for quantifying the extendedness of a small body in an image, and have corrected this metric, on a per-observation basis, for systematic variation due to observables such as apparent magnitude, on-sky motion and pixel-grid alignment. In this metric, an extendedness of zero describes stellar-like (asteroidal) objects, whereas a positive value indicates potentially cometary extendedness.
We defined a sample for visual screening consisting of all objects whose mean extendedness value is greater than zero by at least one-sigma. This screening sample consisted of ∼1,500 unique objects, 76 (out of 115) comets, and two known candidate active Figure 15 . Summary of true-anomaly and heliocentric distance coverage of known small bodies in PTF (see Figure 3 for other orbital statistics of this sample), from March 2009 through July 2012. Most (∼90%) of objects have only been sampled in at most two 30 • -wide true anomaly bins, i.e., less than 1/6 of the orbit. In the left histogram objects are only counted once, but in the rose diagram (middle), each object is counted once for each bin it in which it is sampled (hence the fraction values reported for all twelve bins sum to more than 100%). Although all objects spend more time around aphelion, most only fall above the survey detection limit near perihelion, hence there is a slightly larger fraction of objects observed near perihelion.
MBCs, P/2010 R2 (La Sagra) and P/2006 VW139, which upon inspection appear active and visibly extended in the images. Of the ∼1,500 objects screened, we found evidence for activity on two known (non-main-belt) asteroidally-designated objects, 2010 KG43 and 2011 CR42, and confirmed activity on the three out of the four (non-main-belt) comets that our moving-object algorithm discovered.
Given these results, using a log-constant prior we infer with 95% confidence an upper limit of < 33 active MBCs per 10 6 mainbelt asteroids for a C = 0.66 detection efficiency with respect to the extendedness distribution of known comets, and < 22 active MBCs per 10 6 main-belt asteroids for a 100% efficiency with respect to objects at least as extended as the known candidate active MBCs in our sample.
Comparison to previous work
Our inferred 95% confidence upper limit of at most ∼30 active MBCs per 10 6 main-belt asteroids of D > 1 km is comparable but slightly lower than that of Wiegert (2009, 2010) , who estimated 40±18 active MBCs per 10 6 main-belt asteroids, also for D > 1 km, from visual inspection of a similarly untargeted sample of ∼25,000 objects from the Canada-France-Hawaii Telescope Legacy Survey Wiegert (2009, 2010) . That result was based on the detection of a single unknown comet in their sample, which was never actually confirmed to be a main-belt object due to lack of follow-up observations. Even before taking into account our order-of-magnitude larger sample size, we note that, in contrast to their results, our limits are based on positive MBC detections and use detection efficiencies estimated from observations of ∼100 known comets.
The result of Sonnett et al. (2011) was a much larger upper limit of ∼3,000 MBCs per 10 6 main-belt asteroids (to 90% confidence), albeit applicable to the smaller limiting diameter of ∼0.5 km. Their smaller sample size of 924 objects is certainly the cause for their much larger uncertainty. While their detection methods were proven robust with respect to known candidate MBCs, we note that their sample included no unambiguously cometary objects. Hence, it is difficult to compare our result to theirs, but the possibility of a steeply increasing number distribution for MBCs below the ∼1-km level is not ruled out. Indeed, two known candidate MBCs, 238P/Read and 259P/Garradd, have measured subkilometer diameters (Hsieh et al. 2009b; (MacLennan and Hsieh 2012) ).
Future work: Photometric (absolute magnitude)
variation as a function of orbital anomaly
As suggested by this article's title, extended-object analysis is only the first kind of cometary-detection method to which we intend on subjecting the PTF small-body data set. In a planned Part II to this study, we hope to analyze the time-(and mean-anomaly-) varying absolute magnitude of small bodies over orbital-period baselines, which could potentially reveal even unresolved cometary activity. Preliminary analysis of PTF photometry of main-belt comet P/2010 R2 (La Sagra), which include pre-discovery observations, shows a time-resolved ∼1.5-mag increase in absolute magnitude and a corresponding factor ∼5 increase in the dust-to-nucleus cross-section ratio, A d /AN . These results suggest PTF is capable of detecting intrinsic disk-integrated flux variation at the level of known candidate MBCs. Upcoming analyses of other known comets in our sample should confirm this robustness.
As shown in Figure 15 , the orbital-coverage of PTF-observed known objects is far from complete. The orbital period of mainbelt objects varies from about three to six years; a desirable prerequisite to orbital variation analysis is a comparable survey duration (especially to alleviate the bias against longer-period outer main-belt objects). The use of only two visible-band filters 7 gives PTF an advantage over other ongoing surveys 8 , since conversion between wavelength bands introduces uncertainty when object colors are unknown. Thus, multi-filter data makes absolute magnitude comparison between epochs (already complicated by uncertainties in spin amplitudes and phase functions) even more difficult. Finally, a photometric variation analysis would benefit from the inclusion of null-detections, which are not currently a product of our kd-tree harvesting method, but should be implementable with a reasonable amount of modification.
